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ABSTRACT
By using the Cowling approximation, quasi-radial modes of rotating general relativis-
tic stars are computed along equilibrium sequences from non-rotating to maximally
rotating models. The eigenfrequencies of these modes are decreasing functions of the
rotational frequency. The eigenfrequency curve of each mode as a function of the rota-
tional frequency has discontinuities on it, which arises from the phenomenon of avoided
crossing with other curves of axisymmetric modes.
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1 INTRODUCTION
Radial oscillations of relativistic stars have been studied for
over thirty years. Methods to obtain their spectra have been
well established (Bardeen, Thorne & Meltzer 1966 ; see also
Chapter 26 of Misner, Thorne & Wheeler 1973 (MTW) and
the references therein), and they were applied to several
equations of states (see for example Meltzer & Thorne 1966).
These works were mainly motivated by the stellar stabil-
ity consideration because general relativistic eects tend to
destabilize the stellar models (Fowler 1964; Chandrasekhar
1964).
On the other hand the eect of rotation on stellar oscil-
lations is poorly understood in general relativistic context.
As in the non-axisymmetric mode case, the slow rotation
approximation has been the only accessible way to the in-
vestigation of eigenmode behaviour of rotating stars (Har-
tle & Friedman 1975 ). Recently relativistic hydrodynamic
codes are developed by several authors and some numerical
simulations of rapidly rotating stars have been carried out
(Stergioulas, Font & Kokkotas 1999; Shibata, Baumgarte &
Shapiro 1999; Font, Stergioulas & Kokkotas 1999). Small ini-
tial perturbations around equilibrium stars have been seen
to evolve to a superposition of normal mode oscillations in
their results. Although the excitation and evolution of these
modes in realistic situations should be investigated by these
hydrodynamical simulations, it is no less important to study
the mode behaviour along rotational equilibrium sequences
in the linear perturbation theory.
Thus far we have studied a few sets of non-axisymmetric
eigenmodes of rotating stars in general relativity (Yoshida &
Eriguchi (1999) for f-modes; Yoshida (1999, unpublished) for
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p-modes). These results have been obtained by the Cowling
approximation in which Euler perturbations of metric coef-
cients have been omitted. These results are in good agree-
ment with those of the full perturbation theory including
metric perturbations, apart from some low order modes (For
comparison of the eigenfrequencies of slowly rotating stars,
see Yoshida & Kojima 1997 ; for comparison of the neutral
points of the CFS instability, see Yoshida & Eriguchi 1999)
Thus it is natural to expect that this approximation
would be also successfully applied to the quasi-radial modes
which are the smooth extensions of the radial modes of
spherical stars to the rotating stars. In the present paper, we
will study quasi-radial modes by using the Cowling approx-
imation. However unfortunately the computation with this
approximation could not reproduce the relativistic instability
of spherical stars. This is plausible because the instability is
essentially caused by the loss of balance between gravity and
pressure gradient, where even a small correction of gravity
must not be neglected. Moreover, the phase cancellation of
perturbed gravitational potentials, which may be eective
in the case of non-axisymmetric modes, cannot be expected
for radial modes of fundamental and lower overtones.
To see whether situation is changed or not for rotating
stars, we are examining the deviation caused by this ap-
proximation in the slow rotation limit (Karino & Yoshida,
in preparation). Also see appendix of the present paper for
the comparison of two methods in the case of radial modes
of non-rotating stars.
Although the situation for rotating stars is not claried
yet, we here expect that at least a qualitative picture of the
eigenmode dependence on stellar rotation could be studied
by this approximation.
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where  and p are the energy density and the pressure of
the stellar matter, respectively.z The subscript ’c’ means its
value at the stellar centre. The constant N is the polytropic
index. The adiabatic exponent of the perturbed matter is
assumed to be 1 + 1/N . The constant κ is equal to pc/c,
and it measures how relativistic the star is. Each equilibrium
sequence is computed with κ and N xed.
The numerical method used here is basically the same as
that in Yoshida & Eriguchi (1999) where non-axisymmetric
modes were investigated. A minor modication is needed
to obtain the axisymmetric modes. In the case of non-
axisymmetric mode, the Eulerian variable δp/( + p) is ex-
plicitly nullied at the centre of the star. In the case of
axisymmetric mode, however, this is not the case since the
regularity of the solution requires ∂(δp)/∂r to be zero at
the stellar centre. Thus we do not nullify the variable, but
modify the nite-dierence scheme at the innermost grid
points which do not correspond to the stellar centre in our
numerical code.
In Fig. 1 the eigenfrequencies of the axisymmetric
modes are plotted against the rotational frequency of the
equilibrium model. The polytropic parameters are, N = 0.8
and κ = 0.1. The mass-to-radius ratio in the Schwarzschild
coordinates is 0.162 in the non-rotating limit. The eigenfre-
quency and the rotational frequency is normalized by the ro-
tational frequency at the mass-shedding (Kepler) limit. The
sequences ’F ’ ’H1’ ’H2’ are the fundamental, the rst and
the second overtones of the quasi-radial modes respectively.
Two axisymmetric p-modes are also plotted. The modes ’p1’
and ’p2’ correspond in the non-rotating limit to p1 and p2
with l = 4, m = 0. Here l and m are indices of the ordinary
spherical harmonics Ylm(θ, ϕ).
Each of the quasi-radial mode sequences encounters se-
quences of other modes. It is seen that the phenomenon of
avoided crossing occurs on these sequences (see Fig 2.). Two
curves of eigenfrequency smoothly approach, but they do
not cross. At the point of the closest approach, the charac-
teristics of the modes exchange on each sequence. Thus the
eigenfrequency sequence of each mode has a discontinuity
there. There are several discontinuities along a sequence
whose number depends on the mode order as well as the
polytropic parameters of the equilibrium star. Within the
selected polytropic parameters here discontinuities appear
in the rapidly rotating models whose rotational frequencies
are over  80 % of the mass-shedding limit.
3 SOME REMARKS ON THE ANALYSIS
Compared with the behaviour of non-axisymmetric modes,
eigenfunctions of quasi-radial modes change their shapes
z The geometrized units, c = G = 1, are adopted in this paper.






















Figure 1. Sequences of axisymmetric modes. Fundamental (F
in the bottom panel), the rst (H1 in the middle panel) and the
second (H2 in the top panel) overtones are plotted as well as
p-modes with azimuthal quantum number m = 0, denoted as
’p1’ and ’p2’. Polytropic parameters are N = 0.8 and κ = 0.1.
Frequencies are normalized by the rotational frequency at the
Kepler limit. The angular frequency at the Kepler limit of this















Figure 2. A close-up of the middle panel of Fig. 1 around the
point of the closest approach.
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Figure 3. The three lowest order quasi-radial modes of the stars
with polytropic parameters, N = 0.8 and κ = 0.24. With these
parameters, the mass-to-radius ratio of the non-rotating model
is 0.251. The Kepler limit of the rotational angular frequency is
about 0.243 in units of (4pic)
1
2 .





















Figure 4. Same as Fig. 3, except that N = 1.3 and κ = 0.1. With
these parameters, the mass-to-radius ratio of the non-rotating
model is 0.0995. The Kepler limit is about 0.17.





















Figure 5. Same as Fig. 3, except that N = 1.3 and κ = 0.35.
With these parameters, the mass-to-radius ratio of the non-
rotating model is 0.202. The Kepler limit is about 0.16.
drastically along rotational equilibrium sequences. For ex-
ample, the radial distributions of the Eulerian pressure per-
turbation and the radial component of the velocity pertur-
bation changes signicantly near the equatorial plane of the
star. Thus the number of the radial nodes of these func-
tions changes there as the stellar rotation rate increases. On
the other hand, the overall shape of the θ x -component of
the velocity perturbation changes little as the star spins up.
Therefore we can utilize the shape of this function as a tracer
of the selected mode along the equilibrium sequence. Nomen-
clature of mode sequences is based upon the behaviour of
the mode of a non-rotating star to which the sequence is
continued smoothly.
In addition to the polytropic case presented here, we
have tried to compute quasi-radial modes of realistic neu-
tron stars by using some of the candidates of zero temper-
ature equations of state. However it was rather dicult to
obtain full sequences of these modes with our method. As
the star begins to rotate, the convergence to the quasi-radial
modes suddenly become dicult. This may be partly be-
cause these modes are sensitive (as compared with the non-
radial modes) to the surface condition of the equilibrium
star. The candidates for the realistic equation of state suer
a large amplitude variation in the adiabatic exponent which
somewhere goes negative. As we cannot spare enough num-
ber of grid points to follow this variation, the accuracy of
the eigenmode, if obtained, would be low.
x In the present study the polar-like coordinate is used as before:
ds2 = −e2νdt2 + e2α(dr2 + r2dθ2) + e2βr2 sin2 θ(dϕ − ωdt)2,
where rotational axis is the line, sin θ = 0.
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APPENDIX A1: COMPARISON OF RADIAL
MODES IN THE FULL THEORY AND IN THE
COWLING APPROXIMATION
We here show the dierences between the results obtained
by the full perturbation and by the Cowling approximation
for low order radial modes of non-rotating stars
A1.1 Equilibrium model
The space-time of the equilibrium star is characterized by
the following metric:
ds2 = −e2ν(r)dt2 + e2λ(r)dr2 + r2(dθ2 + sin2 θdϕ2). (A1)
Then the metric coecients, stellar pressure p and en-
ergy density  are obtained by integrating the standard set




= − ( + p)(m + 4pipr
3)








r(r − 2m) , (A4)
where m(r) is dened as e2λ = (1− 2m/r)−1.
The equation of state is assumed to be polytropic, p =
Kρ1+
1
N , where K and N are constants, and the rest-mass
density ρ is related to  by  = ρ + Np.
A1.2 Equations of radial oscillations
For radial oscillations of spherical stars, only one function
is needed to describe the physical perturbation. It is the
Lagrangian displacement function ξ(r)(see chapter 26 of
MTW).
The equation of motion of the displacement (r2e−νξ 
ζ) in the full perturbation is:
ζ00 + Afζ
0 + Bf ζ = 0, (A5)















− 8pipe2λ + σ2e2λ−2ν
]
. (A7)
Prime of the variables means their derivatives with respect








where  means the Lagrangian perturbation.
On the other hand, the equation of motion in the Cowl-
ing approximation is (r2eλξ  η):
η00 + Acη
0 + Bcη = 0, (A9)






− λ0 + ν0, (A10)
and











(−ν00 + σ2e2λ−2ν). (A11)
These equations can be solved by the matching method.
We have only to search for σ2 which makes the Wronskian
of two solutions obtained by integrations from the stellar
centre and from the surface vanish at some matching point
inside the star.
A1.3 Boundary conditions
The boundary condition for the equation of oscillation at
the centre of the star is the regularity of the variable, which
requires ζ, η  r3 as r ! 0.
At the surface of the star, we impose the boundary and


















We vary the compactness (mass-to-radius ratio) of the model
to construct an equilibrium sequence by keeping the poly-
tropic index N xed.
In Figs. A1 and A2 typical sequences of three lowest or-
der modes are displayed. For all of the sequences, the eigen-
frequency obtained by the Cowling approximation is larger
than that from the full theory. This means that the Cowling
approximation overestimate the stability of the star. Before
the turning point,{ two curves are nearly parallel. As is
{ With this parametrization, turning point does not correspond
to the maximum mass conguration. Thus the zero of the funda-




















Figure A1. Squared eigenfrequency σ2 normalized by M2R−3 is
plotted as a function of the compactness M/R of the star. Here M
and R are the gravitational mass and the radius of the spherical
star, respectively. Solid lines denote the eigenfrequencies of radial
modes in the full theory, whereas dashed lines are those in the
Cowling approximation. The polytropic index N equals to 3/2.
The adiabatic exponent Γ is 5/3.

















Figure A2. Same as Fig. A1, except that the polytropic index
N = 1/2 and adiabatic exponent Γ = 2.
expected, the relative error of the results obtained by the
Cowling becomes smaller for higher overtones.
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